Like ants, some microorganisms are known to leave trails on surfaces to communicate. Using a simple phenomenological model for an actively moving particle, we explore how trail-mediated self-interaction could affect the behaviour of individual microorganisms. The effective dynamics of each microorganism takes on the form of a delayed stochastic dynamical equation with the trail interaction appearing in the form of short-term memory. Depending on the strength of the coupling, the dynamics exhibits effective diffusion in both orientation and position, orientational oscillations, and a localization transition with a divergent orientational correlation time.
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PACS numbers: 87. 18 .Gh, 87.17.Jj, 87. 10.Ca For many animals and microorganisms it is advantageous to know where their companions or they themselves have been [1] [2] [3] [4] [5] [6] [7] [8] [9] . To this end, many creatures leave trails of some characteristic substance. A well studied example is the pheromone trails of ants [6, 10] , which allows them to collect food efficiently. Single cell organisms are also known to leave trails [11, 12] . It is believed that the trails help them form aggregates in sparse populations [7, 12, 13] , whereas in denser populations, colonies could also result from the combined effect of surface-bound motility and excluded volume interactions [14, 15] . For bacteria, these trails are often subsumed as exopolysacharides (EPS) [16] but may also contain proteins [17] . To be evolutionarily favourable, the (energetic) costs incurred by trail formation balance the advantages gained through this form of communication.
Chemotaxis is commonly mediated by rapidly diffusing signalling molecules [7, 18] but, phenomenologically, trailmediated signalling-in which the chemicals diffuse more slowly than the microorganism-is also a form of chemotaxis. Chemical interactions between bacteria [4, 19] and even active colloids [20] [21] [22] lead to a variety of collective phenomena including collapse, pattern formation, alignment and oscillations. While much is known about the chemotactic machinery in bacteria [23] and eukaryotic cells [24] , very little is known about trail-mediated chemotactic interactions.
Whereas ants have antennae that are spatially well separated from their pheromone glands [25] , such a clear separation is difficult for single-celled organisms [17, 26, 27] . In addition to sensing the trails left by other individuals, microorganisms are also immediately affected by their own trails. This suggests that trail-mediated self-interaction could play a significant role in the behaviour of microorganisms. For example, by providing a mechanism to tune the effective translational and orientational diffusivities, or by creating distinct modes of motility, and consequently, the search strategy. Similar auto-chemotactic effects have been studied in the context of swimming bacteria [28] [29] [30] and Dictyostelium cells [31] .
In this letter, we discuss the effects the self-interaction has on the dynamics of a simple but generic microscopic model of a chemotactically active microorganism. We find that the self-trail interaction modifies the translational and orientational motion of the microorganisms and renormalize the corresponding diffusion coefficients, at the longest time scale. We argue that the time to reach this asymptotic behaviour could be much longer than the cutoffs set by experimental observation or bacteria life times. We discuss a single particle localization transition-which is distinct from Anderson localization-in an effective Microscopic Model.-We consider a single particle whose state at time t is defined by its position r(t) and orientationn(t) = (cos ϕ, sin ϕ). We model the dynamics by prescribing a fixed characteristic speed, v 0 , for the particle, namely
The motion will typically be generated via the cooperation of a number of molecular motors, whether it is realized by the retraction of pili [32, 33] , the extrusion of slime [34] , or any other mechanism. This implies significant noise in the propulsion force, and consequentially, a finite directional persistence. For the simplest, trail-free case, we model the orientational dynamics as a purely diffusive process, ∂ t ϕ(t) = ξ(t), where ξ(t) is a Gaussian random variable obeying ξ(t)ξ(t ) = 2D 
2 that crosses over from ballistic, δr
Fluctuations in v 0 could also be taken into account in a straightforward generalization [35] .
The trail excreted from the microorganism can be characterized by the density profile ψ s (r, t) that satisfies the diffusion equation
, where k is the deposition rate and δ 2 R (r − r(t)) is a "regularized delta function" that accounts for the finite size R of the microorganism, and traces the position of the microorganism [36] . Setting D p = 0, we find for the trail profile at time t and position r
We choose a rectangular source, δ 2 R (r) = Θ(R 2 − r 2 )/πR 2 , where Θ(x) denotes the Heaviside step function. The trail width 2R defines a microscopic time scale τ = R/v 0 , which gives the trail crossing time (see Fig. 1d ). This specific regularization scheme is a good representation of the regime in which the characteristic diffusion length of the polymeric trail is much smaller than the width of the trail, D p τ R [37] . A generic interaction with the trail couples to gradients of the trail field perpendicular to the current orientation [22, 38] , i.e.,
where ∂ ⊥ ψ =ê ϕ (t) · ∇ψ s (r(t), t) [39] . The sensitivity to the trail is controlled by χ.
Effective Dynamics.-We assume that the particle trajectory does not bend back on itself immediately (no-small-loops assumption). With the angular MSD, δϕ 2 (t) = [ϕ(t) − ϕ(0)] 2 , it reads δϕ 2 (τ ) < π 2 /4. This condition limts the admissible values for the parameters. We further assume that self-intersections on longer times are rare enough to be negligible.
By making a short time expansion of Eqs. (1a) and (1c) to be inserted into Eq. (1b), one finds a closed equation for the head of the trail field ∂ ⊥ ψ(t) ≡ ∂ ⊥ ψ s (r(t), t) [40] . The result is a stochastic delayed differential equation
where Ω = kχτ /πR 3 is the chemotactic turning rate. The closed set of equations (1a,1c,1d) constitute our effective dynamical description of the system. Equation (1d) only admits a stationary solution provided Ωτ < π/2 [41] , which means there is a maximum value of the product of trail deposition rate and sensitivity, kχ, that allows steady-state motion. For sample trajectories belonging to this dynamical regime, see Fig. 1 .
Angular & Translational MSD.-The most easily accessible quantity in experiments is the translational MSD δr 2 (t), which is related to the angular MSD, δϕ 2 (t), via [42] δr 2 (t) = 2v
The angular MSD is a sum of three terms, given in the Laplace domain as
The corrections to simple diffusion are given by the two correlation functions Λ(t) = χ ∂ ⊥ ψ(t)ξ(0) /(2D 0 r ), and
r . The cross correlation can be given explicitly in the Laplace domain as Λ(s) = Ω/(Ω + s e sτ ) [43] . The behaviour of Λ(t) (cf. Fig. 3c ) for large times, t → ∞, changes at a critical value Ωτ = 1/4. For Ωτ < 1/4, we have exponential decay,
whereas for Ωτ > 1/4, we obtain damped oscillations,
The gradient correlation function, ∆(t), is only accessible analytically in two limiting cases discussed below. Either for very weak interactions with the trail, Ωτ 1, or for interactions that are close to the maximum, Ωτ π/2.
Weak Coupling.-For weak interactions, Ωτ 1, we find that the gradient correlations decay on a characteristic time scale, [(1 + Ωτ )Ω] −1 , as [44] ∆(t) = (1 + Ωτ )Ω e −(1+Ωτ )Ωt .
Using the angular MSD, we find a cross-over from the microscopic diffusivity D 0 r on short times, Ωt 1, to the larger asymptotic diffusivity 3D 0 r for long times. The crossover time scale is 1/Ω τ . The translational MSD (cf. Fig. 2b [45] ) retains its ballistic short-time behaviour before becoming diffusive with a diffusivity
which increases monotonically with D 0 r /Ω (cf. Fig. 3a) . The weaker the interaction with the trail, Ω, the faster the particle diffuses. In the opposite limit, Ω D 0 r , the diffusivity becomes arbitrarily small.
Strong Coupling.-For δω ≡ 1 − 2Ωτ /π 1, we find to first order in δω [46] , Fig. 2a) . The exponential damping in Eq. (2) removes virtually all traces of these oscillations from the translational MSD (cf. Fig. 2c) .
For short times, the translational MSD remains ballistic, whereas for long times, when t 1/(Ωδω), it crosses over to diffusive behaviour with a diffusivity
The no-small-loops assumption limits the ratio D r /Ω < 1. Within the range of validity, the translational diffusivity increases with D r δω/Ω (cf. Fig. 3b ). The fact that the translational diffusivity vanishes as √ δω for δω → 0 indicates a localization transition at Ωτ = π/2.
Discussion.-The interaction of a microorganism with its own trail effectively introduces a new timescale 1/Ω set by the turning rate. While the asymptotic dynamics remains diffusive below the critical value Ωτ = π/2, (5) and (7), respectively. See main text for details.
both for the translational and the orientational degrees of freedom, the diffusive regime may only be reached on timescales that may be much longer than τ . This is true both for very weak interactions, where Ωτ is small and for the limit of strong interactions where the crossover timescale is 1/(Ωδω) with δω small. Moreover, these crossover times are distinct from 1/D 0 r . The asymptotic angular diffusivity, D r , varies relatively weakly with Ωτ and is always larger than its microscopic value, D 0 r ; i.e., orientational persistence is reduced by the trail. The translational diffusivity, D, on the other hand, is always reduced and depends on the ratio D r /Ω.
On intermediate timescales, there are two sources of oscillations in the angular MSD. For Ωτ > 1/4, the cross correlation Λ(t) yields an oscillatory contribution while for small δω there are additional oscillations from the gradient correlation function ∆(t). These oscillations are a result of the trail-particle interaction and appear without any oscillations in the particle "motor".
For very strong interactions, Ωτ > π/2, the diffusive regime is never reached and the particle becomes localized in space, meandering wildly. The localization transition for δω → 0 is most peculiar. It shares similarities with Anderson localization [47] in that it is the localization of a single particle in a random "potential". The potential, however, is not prescribed but self generated. In this respect, it is reminiscent of a glass transition [48] , yet, it is not a collective phenomenon and cannot rely on any caging effects. Whereas nonlinearities induced by selfinteraction are essential for the glass transition, they have been shown to be detrimental to Anderson localization [49] . The above discussion is graphically summarized in Figs. 1 and 4 .
Our results could have significant biological implications. Regulating the strength of the trail-mediated self- interaction may allow microorganisms to decide whether to confine themselves to smaller areas and search them more thoroughly or explore larger areas. Interestingly, the effective translational diffusion coefficient scales as 1/ D 0 r in the presence of trail-mediated self-interaction, as compared to 1/D 0 r in the trail-free case. This suggests that trails make the microorganism less sensitive to intrinsic variations in the orientational noise.
The MSD curve in Fig. 5 highlights subtleties that must be considered when interpreting such measurements in terms of a model, and for extracting model parameters. The long time diffusivity, D r , is not the bare diffusivity D 0 r as determined by the cellular motility apparatus. Moreover, the asymptotic diffusive regime is reached on very long time scales only: timescales on the order of hours [50] , and that may well be beyond experimental reach, and even beyond the life time of microorganisms. In that case, it might be tempting to conclude that the MSDs show anomalous diffusion asymptotically; as can be seen from Fig. 5 , an anomalous exponent β ≈ 1.55 can fit the data extremely well.
To conclude, we have shown that a very simple model of particle-trail interaction leads to a wealth of nontrivial phenomena, including an unusual localization transition. Our results could shed light on the behaviour of trailforming microorganisms, and in particular how they can use this "expensive" output to regulate their own activity while, simultaneously, providing a communication channel with other individuals.
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